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Several recent papers discuss gravitational corrections to gauge couplings that depend quadrati- 
cally on the energy. In the framework of the background-field approach, these correspond in general 
to adding to the effective action terms quadratic in the field strength but with higher-order space- 
time derivatives. We observe that such terms can be removed by appropriate local field redefinitions, 
and do not contribute to physical scattering-matrix elements. We illustrate this observation in the 
context of open string theory, where the effective action includes, among other terms, the well- 
known Born-Infeld form of non-linear electrodynamics. We conclude that the quadratically energy- 
dependent gravitational corrections are not physical in the sense of contributing to the running of 
a physically-measurable gauge coupling, or of unifying couplings as in string theory. 



Much discussion has recently been stimulated by 
in which the contribution of graviton exchange to the 
one-loop three gluon vertex in non-Abelian gauge the- 
ory was calculated. It was argued in [l| that there are 
non-trivial contributions to the one-loop renormalization- 
group /3 function of the gauge coupling g that exhibit a 
quadratic dependence on the energy E, which are sup- 
pressed by the square of the Planck scale M p , the char- 
acteristic scale of gravitational interactions: 

The first term is the standard one appearing in the ab- 
sence of gravitation, corresponding to a logarithmic de- 
pendence on the energy E of the renormalized gauge 
coupling g, whose coefficient has the same value as in 
a pure gauge theory, given that graviton does not carry 
any gauge charge. The second term with a quadratic 
dependence on E is due to the gravitational contribu- 
tion, which was argued in [l| as making the running cou- 
pling asymptotically free, even if 69 > 0, and thereby 
avoiding a Landau pole in QED. This observation would 
also have profound implications for the unification with 
gravity with the gauge interactions, since it would cause 
their couplings to drop very rapidly at scales above the 
expected grand unification scale ~ 10^^ GeV 

It was argued in Q that these results depend on 
the gauge-fixing parameter, which would imply that the 
gravitational contributions are not physical. Addition- 
ally, it was commented in Q that, because of their 
quadratically-divergent nature, the corrections in |l| 
would vanish in dimensional regularization [3], an ob- 
servation which was consistent with the cancellation of 
quadratic divergences in a momentum-space cutoff ap- 
proach [4i]. However, other regularization approaches [g| 
have produced various non-trivial results for gravita- 
tional corrections to the running of the gauge couplings. 



A covariant approach to the one-loop effective action 
was taken recently in [6], based on a gauge-invariant 
heat-kernel regularization, and it was claimed in [6] 
that the quadratically energy-dependent one-loop gravi- 
tational contributions to the effective action of QED do 
not cancel. Ref. [6] went beyond previous calculations 
by including in the gravitational sector a positive cosmo- 
logical constant A > 0. The result of this one-loop anal- 
ysis using the background-field method and expanding 
the gravitational corrections around a Minkowski back- 
ground, was to produce a gauge-invariant QED effective 
action with quadratic and logarithmic dependences on 
energy, of the form: 

Divr(i) = 

( J--\nEl - - J^XnEl) f d^xF.^F^'' , 

V48 7r2 " 128 7r2 256 tt^ "J J 

(2) 

where = 32TrGN = IGn^/Mp is the (dimensionful) 
gravitational coupling constant and Gat is the Newton 
constant. Here, the space-time indices are raised and 
lowered with respect the Minkowski background met- 
ric, the quantity F^^, denotes the background gauge field 
strength, e is the electron charge that plays the role of 
the coupling in QED, and Ec is an energy cutoff which, in 
the approach of [6] , is taken to be the inverse of a proper 
time cutoff Ec = 1/tc. The first term in ([2]) is the conven- 
tional logarithmic renormalization of the QED coupling 
that would lead to a Landau pole, the quadratic energy 
dependence of the second term in 1^ reflects that of the 
second term in ([T]), and the third term in ^ indicates 
that the cosmological constant A > is associated with 
a logarithmic energy dependence. 

These energy- dependent terms were absorbed in Q in 
a redefinition of a renormalized electric charge, br, de- 
fined through / d'^xFnijF^'^ , whose one- loop renor- 
malization is described by a /3-function of the following 



2 



form (identifying tlie cutoff Ec with E): 

The first term is the standard one-loop coefficient of 
QED, while the other terms in parenthesis denote the 
gravitational contributions. These render asymptotically 
free the corresponding QED running coupling, as was 
originally suggested in [1,], and similar results character- 
ize non-Abelian gauge theories. Note, however, that the 
coefficients of the terms quadratic in E are different in 
the two calculations ([1] Moreover, another recent 
analysis 01 , using a different gauge-invariant approach to 
gravitation employing the Vilkovisky-De-Witt formalism, 
also finds quadratic corrections, but with the opposite 
sign, leading to a conclusion entirely different from P, 
for the gravitational contributions to the running gauge 
couplings, namely that they do not lead to asymptotic 
freedom. 

The above confusing and contradictory results raise 
the issue whether the claimed gravitational corrections 
to gauge couplings are physical, and specifically the ques- 
tion whether the quadratic energy dependence of gravita- 
tional corrections to terms in an effective action actually 
signal the appearance of a running coupling in physical 
processes. 

Our starting-point in this letter is to recall the scope 
and importance of local field redefinitions and the in- 
variance of on-shell scattering amplitudes (S'-matrix ele- 
ments) under such redefinitions, as shown in the equiva- 
lence theorem ^] . This is commonly used in string theory 
to isolate unambiguous terms in the low-energy effective 
actions characterizing strings propagating in non-trivial 
backgrounds [9J. We use the equivalence theorem to ar- 
gue that energy-dependent modifications of the gauge 
coupling such as those discussed above do not affect S'- 
matrix elements and are not relevant for the unification 
of gauge interactions with gravity in string theory. 

The equivalence theorem can be framed as follows: 
consider the generating functional of the (tree-level) field- 
theory S-matrix , r[0in] = VF[Jin], where the are 
"in" state fields, the Jin are the corresponding sources, 
Jin = ^inCH, whcrc □ is the covariant d'Alembertian, 
and the effective action is defined through an appropriate 
Legendre transform: 

r[(/>i„] = To[4>o] - J ^inD^O, 

To = i y 000 + V(0) , (4) 

where (f>o is the perturbative solution of the equations 
6T()/S(f> = 0, the equations of motion. The fields above 
are generic, and include gauge fields. 

The equivalence theorem p| asserts that if one per- 
forms the redefinition 

0^0 = + r(0) , (5) 



where T{4>) is a local, gauge invariant combination of 4> 
and its derivatives that does not influence the mass-shell 
condition, and the correlators of T with itself and/or cj) 
do not have massless poles, then the generating func- 
tional for the S'-matrix in the transformed theory with 
the action ro[0] — ^o[(f\ is the same as in the original 
theory. 

We argue that the equivalence theorem applies to the 
claimed gravitational corrections to gauge couplings, and 
hence they have no physical effects on on-shell scattering 
processes. This also explains the discrepancies described 
above and the apparent dependences on the gauge-fixing 
parameter and the regularization scheme. 

From the point of view of an effective action, the E^- 
dependent term in ^ corresponds to a higher-derivative 
term of the form: 

^ I d^xF^^OF^-^ , (6) 

where 6 is a dimensionless numerical constant. This 
is the only independent higher-derivative combination 
that is quadratic in the field strength and in space-time 
derivatives. Thanks to the cyclic permutation identity 
dpF^p + duFp^ + dpFp^ = 0, terms of the form {VpF^p f 
can easily be cast in the form ([5]). 

It is straightforward to see that the coefficient of a term 
such as © can be changed by the following local field 
redefinition of the gauge potential, Ap_, which respects 
the criteria of the equivalence theorem outlined above: 

A^^A^^Ap + ■j^^'F.p , (7) 

where c is an arbitrary numerical constant and de- 
notes a gravitationally-covariant derivative. In fact, all 
photon propagator corrections can be removed by such 
local redefinitions, and all terms with an arbitrary num- 
ber of derivatives that are bilinear in the gauge fields Ap , 
such as (Vp . . . Va-Fo/?)^ etc. are ambiguous in the 
sense that on-shell scattering amplitudes are insensitive 
to their presence [Toj . 

This observation can be extended to terms of higher or- 
ders in the gauge theory effective action. Specifically, the 
most general local, gauge-invariant effective action in the 
pure gauge sector, including gauge- and gravitationally- 
covariant space-time derivatives, is known to be [ij 

C = Fl^ + 2k^[aiFp,F''PF^ + a2{VPFppf] + 
(2^2)2 [a:iFp,F^'^FP''Fpx -f aiFp.F^'^FP^Fp,^ 
a^{Fp,Fn^ + a^Fp^FxpF^^'^F^P^ 
arFp.V^FP'^VPFpx + agV^ FxpVP Fp.F^"' + 
a^[VpVxF^f + ...] , (8) 

where k is a constant with the dimension of a squared 
length, T) denotes a gauge- and gravitationally-covariant 
derivative, and the dots denote terms of higher powers in 
k. 
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The coefficients of many of these terms may be changed 
by local field redefinitions of the form [9| — 
+T^(i^), where 

T^{A) = 2a'hiVPFp^ + 

{2a' f [h2Fp,V^FP'' + b3V^FP''Fp,+ 

biVpFP'^F^,, + b5F^,,VpFP''+ 

beV^VPFpp + Oia'^)] . (9) 

Substituting ^ into ^ , one observes that the following 
coefficients change: 

a2 ^ 02 - 46i , 

07 -> fly — 4^2 + 4&3 — 3ai&i , 

as as - Abi + 4&5 + Sb\ - 6ai&i - 802^1 , 

ag 09 + 4^6 + 26j - 2a2&i • (10) 

These coefficients are therefore ambiguous and undeter- 
mined by the scattering amplitudes. Specifically, the E"^- 
dependent term in the effective action ([2]) arising from 
gravitational loop corrections corresponds to the term 
with coefficient 02 in the effective action ([S]), and hence 
does not contribute to physical processes described by 
on-shell scattering amplitudes 

This result is well known in string theory. Computing 
the three and four-point massless vector-boson scattering 
amplitudes using the effective Lagrangian comparing 
with the known superstring scattering amplitudes, and 
identifying = a', the string Regge slope that plays 
the role of the gravitational scale in string theory, one 
finds that the coefficients ai = 0, 03 = 204 = 7r^/3, 05 = 
2as = — 7r^/12 are fixed, while the remaining coefficients 
02,07,03 and og remaining arbitrary. This reflects the 
fact that the values of the coefficients 01,03,04,05 and 
Og are physically relevant, but not the values of 02, 07, og 
and Og fl^l. 

A related point of view was taken recently in [13] in 
the context of a scalar field theory with a interac- 
tion, where it was argued that power-law contributions to 
effective actions due to non-renormalizable gravitational 
interactions, although present, do not signify a running of 
the coupling constant A that can be measured physically. 
Considering scattering amplitudes describing the scatter- 
ing of four scalar fields, the authors of fT^ demonstrated 
explicitly that on-shell diagrams are finite, not suffering 
from any quadratic infinities. The wannabe infinities af- 
fect only higher-order operators, e.g., those of the form 



(11) 



These vanish upon using the equations of motion, and 
can be removed by field redefinitions of the type (p 
cj) — ^(jy^- In the context of our discussion above, this is 
another illustration of the equivalence theorem. 

The above arguments apply independently of any 
string theory context. However, before closing, we 
comment briefly on the general form of the unambigu- 
ous terms in the low-energy effective action of open 



strings propagating in background gauge and gravita- 
tional fields, and on the implications of our results for 
string unification scenarios. 

It is well known that the unambiguous part of the effec- 
tive action includes non-linear Born-Infeld electrodynam- 
ics [l3|, augmented by certain specific types of higher- 
derivative terms involving the field strength [lH : 

Sbi = -TP [ (FxJ^el {g^,, + a'Fp,) 
9s J 

1 + -^^^ {-h'^h'''K^^hP'iSnp,kSq^U + 
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-h''h'''S,kSu + R{9) 



(12) 



where /i*^ = i^jj^^py^ , with g denoting the background 

space-time metric, is an effective open string (inverse) 
metric, the indices i, j, k, £ are space-time indices running 
over the appropriate longitudinal dimensions of the brane 
hypersurfaces to which open strings are attached, T is the 
string tension, gs is the string coupling, a' is the square 
of the string length, and the quantities : 



Snpjk = dndpFjk + 2{2T:a')K"'' dnFjrdpFka 



■p^'jk 
'jkmn 



(13) 



The ... in (jl2p represent higher- derivative contributions, 
and the terms R{g) arise from curvature of the brane 
worlds. 

We notice that six-derivative terms that are bilinear 
in Ap can be identified in the above action by setting 
/i*^ = 5*-' , which implies that the corresponding Sjk = 
(because of the antisymmetry of Fjk ~ —Fkj). It is 
then straightforward to see that these terms acquire the 
form FjkiD)'^ F^'^ (up to a coefficient). According to our 
discussion above, this can be removed by a field redefl- 
nition, leaving only interaction terms with higher-order 
couplings as unambiguous, in the sense of contributing 
to on-shell string scattering amplitudes. 

It follows that, when comparing gauge and gravita- 
tional interaction strengths in string unification scenar- 
ios, there are no relevant power-law gravitational loop 
corrections. 

In four space-time dimensions, corresponding to open 
strings attached to three-branes, the Born-Infeld deter- 
minant can be written as (l^ : 

Det4 =5(1-^2/2- h) : 



h = -F, 



h = —(FuuF 



(14) 



where F*^^ = ^e^'^P'^ Fpc^- Expanding the square root in 
(fT^ space-time derivatives, and recalling that the string 
tension in this case is just T = l/{2T:a'), we make direct 
contact with four-dimensional QED to lowest order in 
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derivatives in the presence of a cosmological constant at 
order one in units of oi , arising from the metric g term in 
the action (fT2|) . In such a case, is identified with the 
square of the electric charge e^. Any string-loop gravi- 
tational corrections to this action are computed by con- 
sidering open-string cr models on two-dimensional world- 
sheet surfaces with higher genus. In the low-energy limit, 
any effective gravitational corrections to terms quadratic 
in F"^^ and in gauge and gravitational covariant deriva- 
tives would be absorbed by tree-level field redefinitions, 
as described above, and thus would not contribute to the 
scattering amplitudes or to physical running couplings. 

In the presence of a dilaton field, there is an overall fac- 
tor e""^ multiplying the Lagrangian (fT2|) . in addition to 
terms with derivatives of the dilaton. In non-constant 
time-dependent dilaton backgrounds, the cosmological 
constant may relax [16], and in such a case one may also 
have time-dependent gauge couplings. Perturbative S- 



matrix elements may be well defined in some relaxation 
models for the cosmological constant, and in such cases 
our considerations on the absorption of E"^ terms in local 
field redefinitions would apply intact. On the other hand, 
in the cases of a fixed positive cosmological constant and 
some quintessence models (which could be obtained in 
string theory via one-string-loop dilaton tadpoles [12]) 
the S'-matrix is not well defined [18]. In such a case the 
usual equivalence theorem would not apply. 

We conclude by restating our principal conclusion, 
which is independent of the string theory context: the 
equivalence theorem [8] implies that S'-matrix elements 
are unaffected by higher-order derivative corrections to 
terms in the effective gauge theory action that are 
quadratic in the gauge fields. 
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